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A neutral plasma is considered to be immersed in an axial magnetic field together with a radial

electric field. If the electrons are magnetized, but the ions are not magnetized, then the electrons

will rotate but the ions will not rotate, leading to current generation. The currents, in turn, weaken

the axial magnetic field, leading to an increase in the rotation frequency of the slow Brillouin

mode. This produces a positive feedback effect, further weakening the magnetic field. The

operating point thus tends to drift towards the Brillouin limit, possibly finding stability only in

proximity to the limit itself. An example of this effect might be the cylindrical Hall thruster

configuration. VC 2013 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4816670]

I. INTRODUCTION

Many magnetic devices feature rapidly rotating clouds

of electrons, including centrifugal fusion devices,1–4 plasma

centrifuge,5–8 helicon source,9 and various Hall-type thruster

geometries.10,11 In these configurations, the rotation is driven

by crossed electric and magnetic fields.

In such configurations, the electron rotation frequency x
is in first approximation described by the azimuthal cross

field drift velocity, in which case x is assumed to be equal to

EðBrÞ�1
, with E the electric field intensity, B the magnetic

field intensity, and r the radial coordinate. A more complete

description indicates that, when the magnetic field is inclined

with respect to the radial direction, the radial centrifugal

force exerted on the azimuthally rotating electron cloud has

components both parallel to the magnetic field line (and

compensated therefore by a parallel electric field) and per-

pendicular to the magnetic field.12 The perpendicular compo-

nent of the centrifugal force results in an additional

azimuthal drift, which modifies the rotation frequency.1 The

rotation frequency x is therefore no longer equal to EðBrÞ�1
,

but some particular kind of Brillouin solution (see, e. g., Ref.

13) generalized to non-purely axial magnetic fields. This

deviation is shown1 to be negligible for EðBrÞ�1 � xc,

where xc is the electron gyro-frequency, but becomes non

negligible when these two frequencies are comparable.

The particular feature that we uncover here is the rather

fascinating tendency, through a feedback mechanism, of the

rotating electron cloud flow to grow closer to the so-called

Brillouin limit.14 In this limit, the frequency of rotation of

the electron cloud becomes one half of the electron gyro-

frequency. This tendency is shown to occur for a particular

set of plasma parameters, such as observed, for example,

downstream of the miniaturized cylindrical Hall thruster

(CHT).15

The paper is organized as follows: In Sec. II, the role

played by the non negligible induced magnetic field on the

electron cloud azimuthal rotation frequency is introduced. In

Sec. III, a simplified geometrical configuration is used to

derive analytical solutions for the rotation frequency under

the assumption of a solid body rotation. In Sec. IV, different

electron cross-field transport regimes are discussed. In Sec.

V, these considerations are applied, as an example, to data

obtained in the cylindrical Hall thruster. In Sec. VI, the main

findings are summarized.

II. FEEDBACK LOOP CAUSED BY THE INDUCED
MAGNETIC FIELD

Under the assumption of a purely homogeneous axial

magnetic field B ¼ B0ẑ and a radial electric field

E ¼ �E0r̂ ðE0 > 0Þ, and neglecting initially the induced

magnetic field, the electron azimuthal rotation frequency

xðrÞ can be shown to be the slow Brillouin rotation mode13

x� ¼ eB0

2m
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4

mE0

eB2
0r

s2
4

3
5: (1)

In principle, another solution for the rotation frequency

would be the fast Brillouin rotation mode

xþ ¼ eB0

2m
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4

mE0

eB2
0r

s2
4

3
5: (2)

However, since the rotation of an electron in the fast mode

xðrÞ ¼ xþ requires a significantly larger electron initial ki-

netic energy, only a negligible fraction of electrons will

actually orbit in this mode, so that the contribution of these

electrons can be reasonably neglected. The slow rotation

mode xðrÞ ¼ x� will therefore be the only one considered

in the rest of the paper.

Consider a homogeneous electron density ne rotating at

the frequency xðrÞ ¼ x� as obtained in Eq. (1). The induced

magnetic field Bi ¼ �Biẑ can then be estimated as

Bi ¼
ðr0

r

el0nexðr0Þr0dr0; (3)

with r0 the external radius of the device and l0 the free space

permeability. A lower estimate of Bi can be obtained by not-

ing that, as shown in Eq. (1), x is always larger than

EðB0rÞ�1
, which yields
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Bi � el0ne
E0

B0

ðr0 � rÞ: (4)

Introducing the plasma frequency x2
p¼ e2neðm�0Þ�1

, the speed

of light c¼ð�0l0Þ�1=2
, and the parameter p0¼mE0=ðeB2

0rÞ
representative of the proximity of the vacuum fields conditions

to the Brillouin limit, Eq. (4) can be rewritten as

Bi

B0

�
x2

p

c2
r2

0 1� r

r0

� �
r

r0

p0 ¼
r0

ds

� �2

1� r

r0

� �
r

r0

p0; (5)

where ds ¼ c=xp is the electron skin depth. The condition

for a non negligible induced magnetic field can then be seen

as the combination of two factors. The first factor is the ratio

of the plasma column radius over the electron skin depth.

The second one is the parameter p0, with p0 ¼ 1=4 at the

Brillouin limit for which x=xc ¼ 1=2. Equation (5) indicates

that the induced magnetic field is to be expected to play a

non negligible role when the product of these factors is

Oð1Þ. Let us consider in the remaining of this paper the sit-

uation for which such a condition is met.

The non-negligibility of the induced magnetic field Bi

demands considering the effective magnetic field B in place

of the externally applied magnetic field B0 in Eq. (1). Since

the induced magnetic field depends itself on the rotation fre-

quency x, a feedback loop exists. The magnetic field weak-

ening modifies the rotation frequency, which itself modifies

the magnetic field strength through the induced magnetic

field. The system to be solved is then

x ¼ eB

2m
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4

mE

eB2r

r" #
; (6a)

B ¼ B0 �
ðr0

r

el0nexðr0Þr0dr0: (6b)

The derivation of solutions for Eq. (6) requires additional

assumptions as for the electric field E and the magnetic field

B (or the rotation frequency x), as well as for the electron

number density ne.

III. RIGID ROTOR

In order to quantify the effect of the magnetic field weaken-

ing on the electron cloud rotation speed, an analytical solution

for Eq. (6) can be obtained in the idealized case corresponding

to the rigid rotor rotation (x independent of r) of a uniform elec-

tron cloud (ne constant). Equation (6) then becomes

x ¼ eB

2m
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4

mE

eB2r

r" #
; (7a)

B ¼ B0 �
el0ne

2
ðr2

0 � r2Þx: (7b)

Introducing the dimensionless variables

n :¼ r

r0

; (8a)

XcðnÞ :¼ xcðnÞ
xc0

; (8b)

xc :¼ eB

m
; (8c)

xc0
:¼ eB0

m
; (8d)

X :¼ x
xc0

; (8e)

aðnÞ :¼ eEðnÞ
mx2

c0
r0

; (8f)

s :¼
x2

p

c2
r2

0; (8g)

Equation (7) reads

X ¼ Xc

2
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4

a

X2
cn

r" #
; (9a)

Xc ¼ 1� s

2
ð1� n2ÞX: (9b)

The variables a and Xc are the dimensionless electric and

magnetic fields, s is the dimensionless electron number den-

sity responsible for the diamagnetic effect, and X is the

resulting dimensionless uniform rotation angular frequency.

Rewriting Eq. (9a), one obtains that the dimensionless

electric field must satisfy

a ¼ XnðXc � XÞ: (10)

Plugging in the expression for the dimensionless magnetic

field Xc obtained from Eq. (9b), the explicit dependence of

the electric field on the radial coordinate reads

a ¼ Xn 1� s

2
ð1� n2ÞX� X

� �
: (11)

It is clear that the electric field does not depend linearly on

the radial coordinate n as obtained when neglecting the

induced magnetic field. The corresponding dimensionless

potential v is

v :¼
ðn

0

adn0 ¼ e

mr2
0x

2
c0

/ ¼ X
n2

2
� s

2

n2

2
� n4

4

� �
X� n2

2
X

� �
;

(12)

with / the potential at distance r relative to the axis. The

dimensionless voltage across the electron cloud is then

v0 :¼
ð1

0

adn0 ¼ e

mr2
0x

2
c0

/0 ¼
X
2

1� X 1þ s

4

� �� �
: (13)

The uniform rotation frequency X can consequently be

interpreted as a function of the two dimensionless parameters

v0 and s. Solving Eq. (13), one gets
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X6 ¼ 16
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 8v0ð1þ s=4Þ

p
2ð1þ s=4Þ : (14)

From energetic considerations, the naturally arising mode is

X ¼ X�. We verify that, in the limit case of a negligible

electron density s! 0, Eq. (14) is equivalent to the classical

slow Brillouin rotation mode driven by an applied voltage

/ ¼ /0n
2. The classical Brillouin flow limit v0 � 1=8 is here

modified by the diamagnetic effect through the dimension-

less electron density s, with

8v0 1þ s

4

� �
� 1; (15)

or in dimensional form

8m/0

eB2
0r2

0

1þ l0e2ner2
0

4m

� �
� 1: (16)

Figure 1(a) shows the evolution of X as a function of the

dimensionless variables s and v0. The deviation from the

neglected induced magnetic field case is, as expected, mate-

rialized by an increase in X for large values of s, or in other

words for large electron number densities (see Fig. 1(b)).

This result is however insufficient to quantify the proximity

of the operating conditions to the Brillouin flow limit since

the gyro-frequency is itself decreasing as the induced mag-

netic field increases.

Once the rotation frequency X is determined, the dimen-

sionless magnetic field Xc can be derived as a function of the

same dimensionless variables s and v0,

Xc ¼ 1� s

2
ð1� n2ÞX¼ 1� 1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 8v0ð1þ s=4Þ

p
4ð1þ s=4Þ ð1� n2Þs:

(17)

The magnetic field radial profiles obtained for various

dimensionless electron number densities and a dimensionless

electric potential v0 ¼ 0:043 are plotted in Fig. 2(a). The

field weakening is seen to be significant close to the axis,

with a 30% decrease at n ¼ 0:5 ðr ¼ r0=2Þ for s � 5:7.

Insight of the operating conditions’ proximity to the

Brillouin flow limit can be obtained by analyzing the radial

dependence of the ratio X=Xc, the Brillouin parameter, as

plotted in Fig. 2(b). As a matter of fact, from Eq. (9a), the

Brillouin flow limit is equivalent to X=Xc ¼ xðnÞ=
xcðnÞ ¼ 1=2. If neglecting the induced magnetic field, X
¼ ð1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 8v0

p
Þ=2 and Xc ¼ 1. Figure 2(b) together with

Fig. 2(a) clearly demonstrates the role of diamagnetism on

the evolution towards to the Brillouin flow. The magnetic

field weakening within the core of the plasma indeed cor-

responds to a large increase in the Brillouin parameter,

with X=Xc increasing rapidly towards the 1/2 limit in

response to an electron number density increase past a

given value.

We note that even larger electron number densities

(larger s values) would yield a deconfinement (p ¼ mE=
ðeB2rÞ � 1=4) of the electrons. More specifically, looking at

Eq. (14), one can show that the dimensionless rotation fre-

quency at the Brillouin limit is

X ¼ 1

2ð1þ s=4Þ ; (18)

so that on axis

X
Xcðn ¼ 0Þ ¼

1

2
; (19)

while at the edge of the plasma, Xcðn ¼ 1Þ ¼ 1, and

X
Xcðn ¼ 1Þ ¼

1

2ð1þ s=4Þ �
1

2
: (20)

A dense plasma could therefore become unstable close to the

axis while the outer regions remain stable, leading in turn to

the formation of a hollow cylindrical plasma.

Another quantity of interest is the ratio of rotational to

electrostatic energy (relative to the axis)

FIG. 1. Map of the uniform dimension-

less rotation frequency X ¼ x=xc0
as

a function of the dimensionless elec-

tron number density s and electric

potential v0 (a). The dependence of s
over ne is indicated in (b), with s �
6 10�18ne½m�3� for r0 ¼ 13 mm.
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v :¼ m

2

x2r2

e/
: (21)

Using the expression for the potential,

e/

x2
c0

mr2
0

¼ X
n2

2
� s

2

n2

2
� n4

4

� �
X� X

n2

2

� �
; (22)

one gets

vðnÞ ¼
x2

c0
mr2

0

2e/
X2n2 ¼ X

1� s
1

2
� n2

4

� �
X� X

� � : (23)

The ratio v increases monotonically with n. Therefore, its

maximal value is

vmax ¼
X

½1� Xð1þ s=4Þ� : (24)

Substituting the slow mode dimensionless rotation frequency

X as specified by Eq. (14), it yields,

vmax ¼
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 8v0ð1þ s=4Þ

p
ð1þ s=4Þ½1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 8v0ð1þ s=4Þ

p
�
� 1: (25)

The stronger the diamagnetic effect, the larger the rotational

to electrostatic energy ratio. At the limit of zero density,

s¼ 0, the rotational energy becomes equal to the electrostatic

energy if 8v0 ¼ 1, that is, to say at the Brillouin limit. For a

vanishing s, it occurs at X ¼ 1=2, in which case the ratio is

then identically unity across all the cylinder:

vðnÞ ¼ X
1� X

: (26)

The assumption of a solid body rotation is mainly moti-

vated by the interest for the possibility of an analytical solution.

The physical realizability of these solutions is therefore not im-

mediate. But this idealized case highlights a trend, which could

be checked computationally for more realistic models.

IV. CROSS-FIELD TRANSPORT

Recalling the modeling of the purely axial magnetic

field configuration, the assumption of a particular transport

regime can be rewritten as a given relation between the elec-

tric and magnetic fields E and B. More specifically, the

assumption of a constant discharge current across the field

lines, that is, to say of a constant radial current in our ideal-

ized case, leads to the invariance of the product rE, where r
is the plasma conductivity. Since the two different transport

regimes considered above can be rewritten as r / B�1

(Bohm scaling) or r / B�2 (classical diffusion), a constant

conductivity yields, respectively, E / B or E / B2.

Equation (6) is consequently numerically solved for var-

ious dependences of the electric field E on the magnetic field

B. The system is solved iteratively, starting from the initial

magnetic field and electric potential

Bð0Þ ¼ B0ẑ; (27a)

/ ¼ /0

r2

r2
0

; (27b)

until the relative error with respect to the magnetic field B
converges within one percent. The corresponding initial elec-

tric field can be expressed as a function of the variable v0

defined in Eq. (13), with

Eð0Þ ¼ � 2eB2
0

m
v0rr̂: (28)

Let us first consider Bohm scaling for the electron cross-

field transport, for which E is assumed proportional to

B; E ¼ Eð0ÞB=Bð0Þ. Fig. 3 shows that the dimensionless rota-

tion frequency X evolution is qualitatively similar to the

rigid rotor solution presented in Sec. III. The main difference

lies in the radial dependence of the rotation frequency, with

X comparable to the rigid rotor values close to the axis, and

globally smaller at larger radial positions. The regime for

which the operating conditions are close to the Brillouin

flow is in this case shifted to larger electron number density

(larger s values), as illustrated in Fig. 4.

FIG. 2. Magnetic field (a) and

Brillouin parameter (b) radial profiles

for various values of the dimensionless

electron number density s and a dimen-

sionless electric potential v0 ¼ 4:3
10�2 ðE0ðr0Þ � 2 104 V:m�1Þ.
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Consider now the limiting case of a negligible depend-

ence of the conductivity on the magnetic field, i e., a regime

for which the electric field E is supposed independent of B.

In this limit, the numerical solutions plotted in Fig. 4 confirm

the general trend previously identified. The main difference

consists in a shift towards lower values of the electron num-

ber density for which the operating conditions reach a given

proximity to the Brillouin flow (e.g. a given X=XcðnÞ), the

sudden increase in X=XcðnÞ occurring for approximately

half the electron number density observed in case of a Bohm

scaling (ne � 9 1017 m�3).

Consider also the classical electron cross-field regime,

for which the electric field is assumed proportional to the

square of the magnetic field, E / B2. Equation (6) then indi-

cates a stabilizing feedback loop, since an increase in the

magnetic field B would yield an increase in the angular fre-

quency, which itself would weaken the magnetic field. The

rotation frequency x is therefore expected to remain close to

its free space value under the assumption of a classical elec-

tron cross-field transport.

To summarize, with the exception of the classical

electron cross-field transport, the various regimes studied

highlight a tendency of the electron rotating cloud to grow

toward the Brillouin limit much similar to the one identi-

fied in the case of the analytical rigid-rotor model presented

in Sec. III. In addition, despite small variations, the

conditions for which this growth is observed remain glob-

ally identical (within roughly a factor 2.5). These descrip-

tions do rely on the simplifying assumption of constant

electron number density. The dependence of the electron

number density on the rotation frequency, as well as the

implications with respect to the results obtained, is dis-

cussed in Appendix A.

V. EXAMPLE: CYLINDRICAL HALL THRUSTER

The CHT is a promising alternative to the conventional

annular Hall Thruster (HT) particularly in scaling to low

power.15 A number of variations of Hall thrusters with large

axial field components have now been explored as well.16–19

In this open or magnetic-nozzle configuration, the outer part

of the central portion of a conventional HT annular channel

is eliminated, giving a larger volume to surface ratio for a

given thruster radial dimension. The electron losses to the

walls are therefore smaller, and it stands to reason that so

might be the erosion.

However, because of the partial elimination of the cen-

tral annular channel, the magnetic field lines have a signifi-

cantly larger component in the axial direction as compared

with the magnetic field lines in the conventional HT. Thus,

while there are many magnetic field effects, such as mag-

netic mirroring or focusing exhibited by the conventional

FIG. 3. Map of the dimensionless rota-

tion frequency X ¼ x=xc0
as a func-

tion of the dimensionless electron

number density s and electric potential

v0 in case of a Bohm scaling

(E ¼ Eð0ÞB=Bð0Þ) for various normal-

ized radial positions n. n ¼ 1=3 (a),

n ¼ 2=3 (b), and n ¼ 1 (c).

FIG. 4. Proximity to the Brillouin flow

for various s values and electron-cross

field regimes. The Brillouin flow re-

gime corresponds to X=XcðnÞ ¼ 1=2.

The weaker the electron cross field dif-

fusion, the larger the electron number

density required to yield a deviation

from the neglected induced magnetic

field case.
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annular thruster,18–21 that may be expected to be found also

in cylindrical Hall thrusters, cylindrical thrusters may exhibit

new features or exaggerated features compared with conven-

tional annual thrusters. One such example is the role of the

diamagnetic effect described in this paper.

We apply the analysis described above to the miniatur-

ized thruster described in Refs. 22 and 12. Table I presents

values of parameters downstream that CHT. For

ne ¼ 1018 m�3, the electron skin depth ds is about 5 mm, that

is, to say about a third of the channel width. In addition, the

vacuum electric E0 and magnetic field B0 values give p0 �
0:08 at r ¼ r0=2, so that according to Eq. (5), one gets

Bi=B0 � 0:15. Consequently, the derivation of the electron

cloud rotation frequency downstream of this CHT indeed

requires computing the effect of the induced magnetic field.

Taking the voltage /0 ¼ 130 V, the dimensionless voltage is

v0 ¼ 0:043 while the dimensionless electron number density

is s ¼ 6. The dimensionless rotation frequency is then

X ¼ 0:125, considerably smaller than unity. However, as a

result of the large diamagnetic current, we obtain for the

rigid-rotor flow a much larger ratio within the plasma core,

with X=Xc � 0:2 for n � 0:5. The fact that the results

obtained for the classical diffusion model (cf. Sec. IV) and

typical CHTs’ parameters are consistent with these values is

taken as a strong indicator that the diamagnetism effects pre-

viously discussed are likely to be observed downstream of a

cylindrical Hall thruster.

Closer to the anode of the CHT, the diamagnetic effect

is weaker. However, each electron is expected to bounce

back and force between the anode region and the down-

stream region, and therefore it experiences being closer to

the Brillouin limit along its trajectory downstream from the

anode. It is true that downstream from the anode the mag-

netic field lines diverge and the validity of the approximation

of an axial magnetic field is therefore only limited. However,

some of the flow behavior, such as the existence of two solid

rotation frequencies exists also when the magnetic field is

divergent.23

VI. SUMMARY

In this paper, the effects of diamagnetism on the rotation

of an electron cloud within a neutral plasma in which elec-

trons are magnetized, but ions are not magnetized, are

addressed. In such configurations, typically obtained by cross

electric and magnetic fields, the rotation of the sole electron

component can yield large currents, which in turn weaken

the axial magnetic field. For some particular conditions, this

magnetic field weakening is shown to be non negligible. In

this case, the rotation frequency of the slow Brillouin mode

increases as a result of the magnetic field decrease, produc-

ing a positive feedback effect.

For solid body rotation of a homogeneous electron

cloud, analytical solutions for the rotation frequency are

derived for an idealized magnetic field topology. These solu-

tions demonstrate a significant diamagnetism effect for

larger electron number densities, which tends to bring the

operating point closer to the Brillouin limit. This trend is

confirmed by substituting for solid body rotation different

assumptions representative of different electron cross-field

transport regimes, and numerically solving for the rotation

frequency. The proximity to the Brillouin flow limit is seen

to be greater for large cross-field transport regimes, such as

Bohm scaling, while classical diffusion maintains the system

further away from this limit.

Consideration of the typical operating parameters

reported downstream of a cylindrical Hall thruster reveals

that such diamagnetic effects are likely to be locally observed

in these thrusters. The resulting magnetic field in the core of

the plasma is expected to be significantly weaker than its vac-

uum field value, exhibiting locally an electron flow close to

the Brillouin limit. Experimental measurements of the elec-

tron rotation speed, or alternatively a mapping of the in-

operation magnetic field, should corroborate this analysis.

Since the magnetic field topology is expected to deviate from

its vacuum shape, a significant modification of the electric

potential distribution in the thruster is anticipated. This elec-

tric potential remapping is likely to affect significantly the ion

beam focusing in a miniaturized cylindrical Hall thruster.
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APPENDIX A: FEEDBACK THROUGH IONIZATION

The solid body rotation model presented in Sec. III, as

well as the simulations presented in Sec. IV, indicates a rela-

tively sudden appearance of the diamagnetism effects above

a threshold electron number density. Because of this electron

number density sensitivity, it seems suitable to depict how

the relaxation of the constant electron density hypothesis

would alter these results. A solution consists in modeling the

electron impact ionization cross-section r dependence on the

rotation frequency. Since the electron cloud rotation is

expected to be supersonic, the ionization rate will be deter-

mined by the electron rotation velocity. More specifically, an

increase in the rotation frequency yields an electron kinetic

energy ec ¼ mx2r2=2 increase, modifying in turn the ioniza-

tion rate rngv, where v ¼ xr is the electron velocity and ng

is the background neutral number density. In addition,

assuming solid body rotation, the kinetic energy of an elec-

tron close to the outer wall will be much larger than the one

of an electron in the central region, leading to an inhomoge-

neous ionization rate.

TABLE I. Dimensions and typical operating conditions downstream of a

miniaturized cylindrical Hall thruster, from Refs. 12 and 22.

Parameter Value

Distance from axis [mm] 13

Potential relative to axis [V] 130

Magnetic field [T] 0.01

Electron number density ½m�3� 1018
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Above some threshold kinetic energy, an electron

becomes less efficient at ionizing background neutrals.

Consequently, two cases can be set apart depending on the

scaling of the rotational energy with respect to the electron

kinetic energy ei for which the electron impact ionization

rate peaks. On the one hand, if ec > ei, an increase in the

rotation frequency x with respect to its free space value

x0 ¼ eB0½1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4p0

p
�=ð2mÞ will result in an increase in

electron number density ne. This feedback loop would conse-

quently bring the system even closer to the Brillouin limit.

On the other hand, if mðxrÞ2=2 < ei, an increase in the rota-

tion frequency would yield a decrease in the electron number

density, stabilizing in turn the system.

A hint of the behavior likely to appear in the cylindrical

Hall thruster configuration discussed in Sec. V can be

obtained as follows. The rotation frequency corresponding to

the Brillouin flow limit is xc=2, which is equivalent to an

electron energy eB ¼ e2B2r2=ð8mÞ for solid body rotation of

the electron cloud. An upper limit for this electron energy ee

can be calculated at the outermost radial position r0 by

neglecting the induced magnetic field. Considering the typi-

cal miniaturized CHT parameters summarized in Table I,

one gets eB � 370 eV. Using, as an example, the cross sec-

tion in Xenon,24 the kinetic energy above which an electron

becomes less efficient at ionizing background neutrals is

ei � 320 eV. These two energies eB and ei being comparable,

an increase in the rotation frequency x will result in an

increase in electron number density ne in most of the domain.

Such an ne increase will globally strengthen the induced

magnetic field, amplifying in turn the feedback loop exhib-

ited by Eq. (7). A possible exception consists of the limited

regions where the conditions are already sufficiently close to

the Brillouin flow for the electron energy to be larger than ei.

In such regions, an increase in the rotation frequency will

yield an electron density decrease, giving a stabilizing effect.

Note however that additional effects, in particular, collisions,

should generally lower the electron energy, so that it remains

much lower than ei.

Thus, with the exception of particularly large rotation

frequencies, the consideration of the rotation frequency’s

influence on the electron number density is expected to lead

to predicting an even stronger feedback loop, bringing the

system even more quickly towards the Brillouin limit. It is

worth noting that this process is expected to take place irre-

spectively of the transport regime.
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